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Abstract: We show that there is a one-to-one correspondence between the partial actions of a groupoid G on
a set X and the inverse semigroupoid actions of the Exel’s inverse semigroupoid S(G) on X. We also define
inverse semigroupoid representations on a Hilbert space H, as well as the Exel’s partial groupoid C*-algebra
C,(G), and we prove that there is a one-to-one correspondence between partial groupoid representations of
G on H, inverse semigroupoid representations of S(G) on H and C*-algebra representations of C;(G) on H.
Keywords: Groupoid; Inverse Semigroupoid; Inverse Semigroupoid Actions; Inverse Semigroupoid Represen-
tations.

Resumo: Provamos que existe uma correspondéncia um para um entre as agdes parciais de um grupoide
G sobre um conjunto X e as agdes de semigrupoide inverso do semigrupoide inverso de Exel S(G) sobre
X. Também definimos representagdes de semigrupoide inverso sobre um espago de Hilbert H, bem como a
C*-algebra grupoide parcial de Exel C;;(G), e provamos que existe uma correspondéncia um para um entre
representacdes parciais de grupoide de G sobre H, representa¢des de semigrupoide inverso de S(G) sobre
H e representages de C*-algebra de C;;(G) sobre H.

Palavras-chave: Grupoide; Semigrupoide Inverso; Acoes de Semigrupoide Inverso; Representacbes de
Semigrupoide Inverso.

Resumen: Mostraremos que existe una correspondencia exacta entre acciones parciales de un grupoide G
sobre un conjunto X y acciones de semigrupoide inverso del semigrupoide inverso de Exel S(G) sobre X.

Nosotros también definimos representaciones de semigrupoide inverso en relacién a un espacio de Hilbert H,
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asi como el C*-algebra grupoide parcial de Exel C;(G), y demostramos que existe una correspondencia ex-
acta entre representaciones parciales de grupoide de G sobre H, representaciones de semigrupoide inverso
de S(G) sobre H y representaciones de C*-algebra de C;;(G) sobre H.

Palabras clave: Grupoide; Semigrupoide Inverso; Acciones de Semigrupoide Inverso; Representaciones de
Semigrupoide Inverso.
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1 Introduction

The notion of partial action on a C*-algebra was introduced by Ruy Exel first time in [13]. The
interesting thing about this study is that it allowed to classify several important classes of C*-algebras
as crossed products by partial actions. Michael Dokuchaev and Exel proved in [11] the associativity
of crossed products by partial actions, provided that the ring is semiprime, and they used crossed
products to study relations between partial actions of groups on algebras and partial representations.
In the same work, they studied the enveloping actions and they gave a condition to a partial group
action on an unital ring to be globalizable, that is, the partial action is a restriction of a global one. As
it was mentionated by Dokuchaev in [12], the relationship between partial isomorphisms and global
ones is relevant in several branches of mathematics, such as operator theory, topology, logic, graph
theory, differential geometry, group theory and, mainly, as the interest of this paper, the theory of

semigroups and its generalizations.

Recently, many applications of groupoids to the study of partial actions have been presented,
as well as inverse semigroup actions on topological groupoids. For instance, in [7], the authors
constructed saturated Fell bundles over inverse semigroups and non-Hausdorff étale groupoids and
interpreted these as actions on C*-algebras by Hilbert bimodules and described the section algebras
of these Fell bundles. In [1] it was proved that, as in the case of global actions, any partial action gives
rise to a groupoid provided with a Haar system, whose C*-algebra agrees with the crossed product
by the partial action. Furthermore, ring theoretic results from global and partial actions of groupoids
were obtained in [4} 3,5, 6l 9] 20, 21].

In [14], Exel constructed an inverse semigroup S(G) associated to a group G and showed
that the actions of S(G) are in one-to-one correspondence with the partial actions of G. Further,

Kellendonk and Lawson showed in [17] that the inverse semigroup S(G) is isomorphic to the Birget-
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Rhodes expansion G® of the group G. In [18], Lawson, Margolis and Steinberg generalized this

expansion for the case where G is an inverse semigroup.

In the same work above, Exel defines partial representations of G on a Hilbert space H and
representations of S(G) on H, and presented a one-to-one correspondence between these two and
representations of a C*-algebra C;;(G) (given by a certain crossed product) on H. Both structures —
the inverse semigroup S(G) and the C*-algebra C; (G) — depend exclusively of the group G. Later, in
[15], Exel and Vieira presented a definition of crossed product for actions of inverse semigroups on
C*-algebras and proved that the crossed product by a partial action of a group is isomorphic to the

crossed product by a related action of S(G).

In a groupoid context, Wagner Cortes [8] conjectured the correspondence between partial
groupoid actions and actions of the inverse semigroupoid associated and gave the first step in the
direction of a broader theory. In this paper, we will make the construction of the Exel’s semigroupoid
using generators and relations, but this is exactly the Birget-Rhodes expansion defined by Gilbert in

[16] for the case of ordered groupoids.

The purpose of this paper is to analyse the one-to-one relations worked by Exel in [14] and
Exel and Vieira in [15] in a groupoid and inverse semigroupoid context. The paper is organized as
follows. In Section 2, we define the Exel’s semigroupoid S(G) and we observe that this structure is the
Birget-Rhodes expansion of GG. In Section 3, we characterize partial groupoid actions on a set and,
given a groupoid G and a set X, we show that there is a one-to-one correspondence between the
partial actions of G on X and the inverse semigroupoid actions of S(G) on X. In Section 4, we define
the algebraic crossed product of an inverse semigroupoid on a semiprime algebra R by an action g
and we demonstrate that the algebraic crossed product of R by an action 5 on S(G) is isomorphic to
the the algebraic crossed product of R by an action « on G, where a and § are intrinsically related. In
Section 5, we define inverse semigroupoid representations and partial groupoid representations on
a Hilbert space H. Proposition 5.3 states that there is a one-to-one correspondence between partial
groupoid representations of G on H and inverse semigroupoid representations of S(G) on H. Finally,
in Section 6, we define the Exel's partial groupoid C*-algebra C;(G) and we prove that a one-to-
one correspondence exists among partial groupoid representations of G on H, inverse semigroupoid

representations of S(G) on H and C*-algebra representations of C;(G) on H.
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2 Inverse Semigroupoid Arising from a Groupoid

Let S be a non-empty set equipped with a binary operation partially defined, denoted by
concatenation. Given s,t € S, we write st when the product st is defined. The set S is called a

semigroupoid if the associativity holds when it makes sense, that is,

(i) forallr,s,t €S, 3(rs)t if and only if 3r(st), and in this case (rs)t = r(st); and

(i) forall r,s,t € S, 3rs and 3st if and only if 3(rs)t.

We say that S is an inverse semigroupoid if for all s € S there is a unique element s=! € S

such that 3ss~!, 3s~!s and the equalities

hold. We say that an element e € S is an idempotent if 3ee and e?> = e. Notice that in this case
e = e~ 1. We denote by E(S) the set of idempotents in S. One can prove that a regular semigroupoid
S (every element has a non-necessarily unique inverse) is an inverse semigroupoid if and only if the

idempotent elements of S commute [19, Lemma 3.3.1].

It is immediate that every groupoid is an inverse semigroupoid, but the reciprocal is not nec-
essarily true. In fact, if S, T are inverse semigroups that are not groups, then SUT, the disjoint union
of S and T, is an inverse semigroupoid that is not a groupoid. Thereby, inverse semigroupoid theory
generalizes both inverse semigroup theory and groupoid theory. An inverse category is an inverse
semigroupoid that is also a category. If C is an inverse category, we will denote by Cj its set of iden-

tities, that is, Cp = {e € C : if Jex (resp. Jye) for x € C (resp. y € C), then ex = x (resp. ey = y)}.

Let S and S’ be semigroupoids. Amap f : S — S’ is called a semigroupoid homomorphism
if for all s,¢ € S such that 3st, we have that 3f(s)f(¢) and, in this case, f(st) = f(s)f(¢t). The map

is called semigroupoid anti-homomorphism if for all s,t € S such that 3st, then 3f(¢) f(s) and, in this

case, f(st) = f(t)f(s).

A free semigroupoid S is a semigroupoid such that every element of S is a finite concatenation

of a subset of S, when that concatenation makes sense.

Our goal in this section is to extend to semigroupoids the construction of a specific semigroup

constructed from a group G, given by Exel in [14], called Exel’s semigroup of G.
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Recall that a groupoid is an inverse category G in which E(G) = Gy. In this case, given g € G,

we denote by r(g) = g9 € Goand d(g) = g 'g € Gy.
Definition 2.1. Let G be a groupoid. For all s € G, take the symbol [s|. We define the Exel’s
semigroupoid associated with the groupoid G, denoted by S(G), as the free semigroupoid generated
by the symbols [s| for each s € G. We have that 3[s|[t] in S(G) if and only if 3st in G. Furthermore,
the following relations hold:

(i) ifs,t € G and 3st, then [s~1][s][t] = [s~!][st];

(ii) if s,t € G and 3st, then [s][t][t~1] = [st][t~!]; and

(iii) [r(s)][s] = [s] = [s][d(s)]-

Remark 2.2. Note that for all t ¢ G, there exists t—' € G such that 3tt=!, 3t~t, tt=1 = r(t) and
t~1t = d(t). Hence always 3[t][t~'] and 3[t~][t] in S(G).

The elements in the form [t][t~!] play an important rule in the characterization of S(G). Denote
by €; = [t][t~!]. We will prove that the ¢, € E(S(G)), for all t € G, and then we will use it to show that

S(G) is an inverse semigroupoid.

The next proposition follows directly from the universal property of free semigroupoids [19,

Theorem 3.1.1].

Proposition 2.3. Given a groupoid G, a semigroupoid S andamap f : G — S, where:

(i) if3st then3f(s)f(t);
(ii) if st then f(s~V)f(st) = f(s™V)F(s)f(t);
(iii) if 3st then f(st)f(t~1) = f(s)f(t)f(t~1); and
(iv) f(r(s))f(s) = f(s) = f(s)f(d(s)),

then there is a unique semigroupoid homomorphism f : S(G) — S such that f([t]) = f(t).

Let S(G)°P be the opposite semigroupoid of S(G). That is, S(G)P coincides with S(G) except
by the partially defined multiplication -, which is given by

for all [s], [t] € S(G). Notice that J[s] - [t] if and only if 3ts, for all s,t € G.
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Proposition 2.4. There is an involutive anti-automorphism * : S(G) — S(G) such that [t]* = [t~1].

Proof. Consider f : G — S(G), where f(t) = [t71].

We are going to show that f holds the properties of Proposition Indeed, given (s,t) € G2,
we have that 3st < It ts7t o At Y[s < Is7 - [t < If(s) - F(D).

This shows (i). To see that (ii) holds, observe that

FGs™h) - f(st) =1s]-[(st) 1] =[s] - [t~ s™] = [t~ 1s7]s]
= [t [s sl = [s) - [T - [ = f(s7h) - fls) - F(B)

f(s)- f(d(s)) =[s7"]-[d(s)""]  and Fr(s) - f(s) = [r(s)7Y] - [s71]
= 7 ()] = [r(s)] [s7]
B ~ (5o
= (sl e
=[5 = £(5)
=[s7'1=f(s)

Moreover, if 3st then

(810D = FIs)D) = F(Is]) - F([eD) =[] - [t7]
= [t71[s™" = £ F([s])

|

Il
=
*
o
*

Now it only remains for us to show that * is bijective. The surjectivity follows from the fact that
we defined * on the generators of S(G). The injectivity holds because the inverse map s — s7! is

one-to-one in G. That completes the proof. O

The above proposition enables us to characterize the elements ¢,’s in S(G). Remember by
Remark[2.2]that 3[t][t~!], for all t € G.

Proposition 2.5. Let¢, = [t][t7!] € S(G).

() & =e=¢;
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(ii) if3t~1s, then eies = eser;

(iii) if3ts, then [tle, = e[t]; and

(iv) if 3t2, then [t]? = [t?].
Proof. With a little adaptation to the groupoid case, the proof has the same arguments as in [14]
Proposition 2.4], so we will omit it. O
Remark 2.6. Notice that [t] = [t][d(t)] = [t][t"'t] = [t][t][t] = e[t], for all [t] € S(G).

We can extend the above proposition to the case of the finite product of €’s. Given a groupoid

G, define X, = {h € G : r(h) = r(g9)} C G. Note that h € X, if and only if 3 ~1g. It is obvious that

Xg=X,(g h€Xyg=Xg=Xp,and G = | Xe.
eeGo

The next result states that every element in S(G) has a particular decomposition in terms of

€8S.

Proposition 2.7. Every element o € S(G) admits a decomposition o = €, €, - - - €,,,[s], wheren > 0,

r,...,Tn,s € Xs. Moreover,

(i) i #rj ifi # j; and

(II) T 758,7“7; §é Go,Vi: 1,...,n.
We say that this is a standard form of the element o € S(G).

Proof. Let S C S(G) be the set of elements of S(G) that admit a decomposition in the standard form.
Since we can have n = 0, it follows that [g] € S, for all ¢ € G. Therefore, as all generators of S(G)

are in S, it only remains for us to prove that S is a right ideal of S(G).

Take € S. Then there are r1,...,7r,,s € X, such that (i) and (ii) hold. Let also ¢t € G be
such that Jaft], that is, such that 3st. Thereby,

alt] = € &, [S][t] = €y -+ €0, 3] [5_1][5] [t] = €r, - €r, 5] [3_1”5t] = €+ Er,Es[St].

If any r; = st, it is enough to commute ¢, to the left [st] and use the Remark Then

est[st] = [st] into the decomposition. Furthermore, if s € Gy, the element ¢, is ommited from the

decomposition and [st] = [t]. Thus S(G) = S. O
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Proposition 2.8. For all o € S(G), we have aa*a = a and o*aa™ = o*.

Proof. Given o € S(G), we have that a = ¢,, - - - ¢, [s] for certain r1,...,r,, s € X, satisfying (i) and
(ii) of Proposition

Observe that * is an anti-automorphism and every e,, is self-adjoint, thus

Oé* = (67»‘1 . e eTn [8])* = [8_1]67“n .o 67’1'

Since 3[t][t~!] and 3[t!][¢] for all t € G, then Jaa* and Ja*a. Then, with a little adaptation to

the groupoid case, the proof follows as [14) Proposition 2.7]. O

To prove that the Exel's semigroupoid S(G) is an inverse semigroupoid it only remains to show
that if « € S(G), then o is the only inverse of « in S(G). For this, we define two special maps in
S(G).

Consider the identity map in G. Since every groupoid is a semigroupoid it is easy to see that
this map holds the conditions (i)-(iv) of Proposition Therefore we can extend it to a semigroupoid
homomorphism 0 : S(G) — G where 9([g]) = g, for all ¢ € G. Notice that given a = ¢, ¢, - - - €, [s] €
S(G) we have

O(a) = deryery -+, [s]) = O[rllr ']+~ [ralry '1[s]) = O([r1)A([r1 ') - ([ru))O([r 1) O([s])

= Tlrfl . ~7“an:15 =r(ry)r(ry)---r(rp)s =r(s)s = s.

Observe that we could “split” the products by the homomorphism 9 since 3[r; ][ris1] <

Fr; e and 3t [s] & 3y ts.

Define P,.(G) as the set formed by finite subsets £ C G such that g € F = r(g) € E.
Let F(P,(G)) be the semigroupoid of the functions of P,.(G) into P.(G). Consider the elements of
F(Pr(G)) of the form ¢, : P.(G) — P,(G) such that

gEU{g,r(9)}, if3gh,Vhe E
¢g(E) =
0, if the is h € FE such that gh,

for all ¢ € G. Note that ¢, is well defined since that if 3gh then d(g) = r(h), gr(h) = gd(g) = ¢
and r(gh) = r(g). Hence we can define the map A : G — F(P.(G)) given by A(g) = ¢g4. ltis
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straightforward to see that this map satisfies (i)-(iv) of Proposition Therefore there is a unique

semigroupoid homomorphism A : S(G) — F(P,(G)) where A([g]) = ¢q.

Given a = € ¢, - - - €, [s] € S(G) as in Proposition [2.7|we have

Ala)({d(s)}) = Aler ery -+ €r, [s])({d(s)})

= Ar DA - A DA DAsD ({d(5)})

= A ) Ay ) - A DA D ({s,7()})

= A Ay D) - A (s, () ()}
=A([Tl])A([Tfl])“'A([?“n])({rn 5T ﬂ“(ﬂ?l)})

= A ) Ay ) - At D Hrary s, rary rar (), 7, () )
= MDA - Al L) (s 7 ()}

= ={s,7r1,...,mn,7(5)}.

This writing is well defined since r; € X, implies that r(r;) = r(s),foralli=1,...,n — 1.

We use 0 and A to prove the uniqueness of the decomposition of elements in S(G) in the

standard form.
Proposition 2.9. The writing of elements in S(G) in the standard form is unique up to the order of

the €’s.

Proof. Let a € S(G) be such that o = ¢, --- ¢, [s], where r1,...,r,,s € X, as in Proposition
Assume that ¢, --- ¢, [t] is another decomposition of «, with [1,...,l,,,t € X; holding the same

conditions. Thus

s =0(er, €, [s]) = 0(a) = (e, -, [t]) = 1, (1)

Therefore s = t, which implies ¢, - - - ¢, [t] = €, - - - €,, [s]. On the other hand,

{Tlv <o Tn, 8, T(S)} = A(6T1 T Ery [SD({d(S)}) = A(a)
= Ae, e, [s])({d(s)}) ={lr- .., lm, s,7(s)}.

Hence,

{ri,...;mpt={r,...,r,s8,7(s)} \ {s,7(s)} ={la.. .. L, s, 7(s)} \ {s,7(s)} ={la ..., I}

That concludes the proof, since the ¢'s commute and the conditions (i) and (ii) together with

and (2) guarantee that m = n. O
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Theorem 2.10. S(G) is an inverse semigroupoid.

Proof. Let o = ¢, --- ¢, [s] € S(G). We already know that a* = [s7!]e,., --- ¢, is such that Jaa*,

Jo*a, aa*a = o and a*aa* = o*.

Assume that there exists g € S(G) such that a3, Ipa, afa = a and faf = 5. We write 5*
in the standard form g* = ¢, - - ¢, [t]. Thus, 8 = [t"Y]¢,, - - - €,- Since Ja3 and 3B, then Ist~! and

Ji; M. Also, s = d(a) = d(afBa) = st™ls.

Note that 3t~'s, since 3t1,,,, I 1, -y 35 0y, J e, Iy trg, o, Iy ts, from where
It Ul 1 -+ 15 Myl e g - - - s and this product is equal to t~'s. Hence 3st~'s. Besides

that, the uniqueness of the inverse element in G tell us thatt = s. So 8 = [s7 e, - -

m 1

Observe that

afa = ¢ -, 5] [Sil]elm T €€yt Ery [s] = €r) - Erp€sEl,, "€l €t Epy [s]

=€y Epp €y €L gt €rn€s[S] = €y oo Ern€ly " €y [s] = €y o6, [8] = @

Therefore, by the uniqueness of the writing of elements in S(G) in the standard form, we have
{ri,...,rnfU{l, .. I} ={r1,. ..} thus, {l, .. 0} C {1, comn b

For the reverse inclusion note that

Baf = [s ey, - -ener e lslls e, ey = [s7 ey a6 e,

— 67‘1 PN ernelm . .elle’f’l . e 67’n65[3] — [871}611 . .6lm — /8.

The computation is similar to the case as«. From the uniqueness of the writing in the standard
form,we get {l1,...,ln} 2 {r1,...,mn}. Then{ly, ..., l,} = {r1,...,m}, thatis, 5 = a*. d

Example 2.11. (Disjoint union of groups) Let G; be groups fori = 1,...,n, and G = |J G, the
=1

groupoid constructed by the disjoint union of the G;. Then S(G) = |J S(G;). If the G;’s are finite,
i=1

then |G| = ; Gil = [S(G)] = ; 15(Gi)l-
Remark 2.12. By [16], given an ordered groupoid G, we can construct the Birget-Rhodes expansion

GBE of G as it follows. Consider

F.(G)={H CG:e€ H,H isfinite and ifh € H, thenr(h) = e}
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and

F.(G) = ] F(G).

ecGo
Then GB® js an ordered groupoid with underlying set
GPR={(U,g):U € F.(G),g € U}.

The composition is given by (U, g)(V,h) = (U, gh) and it is defined when U = ¢V and Jgh. Also,
(U,g) < (V,h) if, and only if, g < h and U 2 {(r(g)|v) : v € V'}, where the notation (e|v) means the

correstriction of v in e.

Since every groupoid can be seen as an ordered groupoid taking equality as the partial order,
the construction above can be applied in the nonordered case. Let G be any groupoid. Then GB is
still an ordered groupoid with the same partial product but now ordering (U, g) < (V, h) if, and only
if, g = h and U D V. With this ordering, we can see that GB" is in fact a locally complete inductive

groupoid as defined in [10].

By [10], every locally complete inductive groupoid is related with an inverse category by an
Ehresmann-Schein-Nambooripad-type theorem. We will denote by S(G) the inverse category asso-

ciated with a locally complete inductive groupoid G via this correspondence.

Finally, it is easy to see that S(G) is not just an inverse semigroupoid, but an inverse category,

and it is isomorphic to S(GBR) viae,, --- ¢, [g] — ({r1,...,m,7(9), 9}, 9).
This argumentation generalizes the results of [17, Section 2] to the case of groupoids.

Furthermore, every inverse semigroupoid S gives rise to an inverse semigroup as it follows.
Consider S° = S U {0}, where 0 is a symbol that is not an element of S. We define an operation in
SY by

st, ifs,t €S and3st,

st =
0, otherwise.

In [18, Proposition 6.16], it was defined the Birget-Rhodes expansion ST of an inverse semi-
group S. We observe that (G°)F" is isomorphic to (S(GB%))° via the isomorphism

(A,s) € (GO — (A, s5) € (S(GBEY), ifs #0,
({0},0) € (G°)"" = 0 € (S(GPH))°.
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3 Partial Actions of Groupoids and Actions of Inverse Semigroupoids
In this section we treat about inverse semigroupoid actions and partial groupoid actions. More
about partial groupoid actions can be found in [3].

Let S be an inverse semigroupoid with set of idempotent elements E(S) and let X be a non-
empty set. An action of S into X is a pair § = ({Eg}ees, {8y : Eg1 — Ey}ges), where for all g € S,

E, = E,,+ is a subset of X and j, is a bijection. Moreover, the following conditions hold:

(A1) B, is the identity map of E., for all e € E(S) and

(A2) By o By = Bgn, for all g, h € S such that Igh.

According to [3], a partial action o of a groupoid G on a set X is a pair o = ({Dy}geq, {ay :

Dy — Dy}gec), where, for all g € G, D, is a subset of X, D, is a subset of D, and oy is

bijective. Besides that, the following conditions hold:

(PA1) ae = Ip,, for all e € Gy;
(PA2) ay(D,-1 N Dy) = Dy N Dy, for all (g, h) € G*; and
(PA3) agy(an(x)) = agn(x), for all z € Dy—1 N Dygpy—1, for all (g, h) € G2
The next lemma characterizes partial groupoid actions. Note that this lemma tells us that
every partial groupoid action is also a partial groupoid representation (in the sense of [14]).
Let X be a non-empty set. Recall that
I(X)={f:A— B: fisabijection,A,B C X}
is an inverse semigroup regarding to usual composition.
Lemma 3.1. Let G be a groupoid and X a non-empty set. Consider o : G — I(X), where we denote
a(s) = as. Then « is a partial groupoid action of G on X if, and only if,
() asoapoa-1 =agoa-1 and
(i) ae = Igom(a.), for alle € Go.
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In this case, it also holds
(ii) ag—10Q50a = Qg—1 0 gy

Proof. (=) : Assume that a = {{D;}scq, {as}seq} is a partial groupoid action. Since (PA1) < (ii), it
only remains for us to show (i). We have that dom(a; o a0 ay-1) = dom(as o Ip,) = dom(a,) N Dy =
DN Dy—1 and dom(as; © a—1) = a(Dy—1 N Digpy-1), for all (s,¢) € G*. Taking s = t and ¢ = (st)~! in

(PA2) we obtain a;(Dy-1 N D(g)-1) = Dy N Dy-1, from where dom(a; o a0 ay-1) = dom(aist © c-1).
Similarly, Im(asoaioa;-1) = as(DiNDy—1) and Im(agoa;-1) = ag (D1 ﬂD(st)_l) = DgyNDy,
Besides that, from (PA2), we have as(Dy N Dy-1) = Dg N Dg.

Therefore, Im(as o o 0 ay-1) = IM(agy 0 ay—1).

Finally, take 2 € D;ND,-1 = dom(asoazoa,-1). Since z € DN Dy-1, we have that ;-1 (x) =

Yy € ap-1(Dy N Dg-1) = D1 N Dygp)-1. Hence as(ar(ay-1(x))) = as(aue(y)) = ast(y) = ast(a-1(x)).

(<) : Since (t,t71), (t71,t) € G*forall t € G, we have

QO Q-1 00t = Q-1 0Qp = Qp(p) O Qg = Idom(a o = oy.

'r(t))

Similarly, a;—1 0 o 0 -1 = 1.
The uniqueness of inverse element on inverse semigroupoids assures us that at‘l = Q1.
Define D; = Im(az). Then dom(ay) = Im(a; ') = Im(ay-1) = D,-1.

Therefore, oy : D;-1 — D;. Note that given s € G we have D; C D, 4. In fact,
Qp(s) © Qs © Q=1 = Qip(g)s © Ag—1 = Qs 0 -1 = Ip,
from where
D, sy N Dy = dom(a,(s) 0 a5 0 ag—1) = dom(Ip,) = D;.
For all (s,t) € G? we have from (i) and (ii) that

Q=10 Qg1 = Q=1 0 Qlg—1 O Qp(g) = Qy=1 O Qg1 O Qlgg—1 = (=1 O (=1 O (g O Qlg—1 = Q141 O (g O A g—1.
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In particular, the domains of these bijections are equal. We have dom(a;-10a,-1) = as(Dyg-1N
Dy). In fact, given z € dom(ay-1 o a;-1) we obtain z € dom(a,-1) = Dy and a1 (x) € dom(oy-1) =
D,. But x € D, implies that a,-1(z) € a,-1(Ds) = Dy-1. Thus a,—1(x) € Dy N Dy—1, from where

x € ag(Dyg—1 N Dy). Hence, dom(ay-1 0 ag-1) C as(Dg—1 N Dy).

For the reverse inclusion, take = € as(D,-1 N D;). We need to show that x € dom(a;-—10ay-1),

that is, z € dom(a,-1) = D; and that a,-1(z) € dom(ay-1) = Ds.
Notice that D,—1+ N Dy C Dy, thus as(D,-1 N Dy) C ag(Dy-1) = Ds. Hence x € Dy =
dom(a,-1) and a,-1(x) is well defined. Since = € as(D,-1 N D;) we have
ag-1(2) € ag-1(as(Dg-1 N Dy)) = Dy N Dy C Dy =dom(ay—1).
On the other hand,

dom(ay-14-1 0 as 0 ag—1) = dom(ay-1,-1 0 Ip,) = dom(ay-1,-1) N Dg = Dy N Dy,

from where as(Dy-1 N Dy) = Dg N Ds.

Now take x € D;—1 N Dy-1,-1. Since x € D, there exists y € D, such that a;-1(y) = =.
Hence a,(a:(z)) = as(a(a-1(y))) = asi(a-1(y)) = au(z).
Since z is arbitrary, we have that as(a(z)) = ax(z),Ve € Di—1 N Dy-1,-1. Therefore a =

{{Ds}seq, {as}seq} is a partial action. Besides that, given (s, t) € G2, we have

Qg1 0050 = (-1 0 g1 00s) F = (ay-1,-100,) = (a(sry-1 0 ) ™h = g1 0 gy

The next lemma gives us a characterization of the idempotents elements in S(G).

Lemma 3.2. Let G be a groupoid. An element o € S(G) is idempotent if and only if the standard
formofaisa=e, - €,.
Proof. We already know that the elements of the form ¢,, ...¢,,, with r; € X, ,foralli =1,... n,
are idempotents.
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Now, given a € S(G), we write a = ¢,, ...¢€,, [s] on the standard form, with r1,...,r, € X;.

Suppose « idempotent. Then 3a? and a? = «. Thatis, d(s) = r(r1) = 7(s), and
& = (e €, [8])(€ry o €r,[8]) = €y o€ €y o Eor [S]2 = €ry o €ry Eary - € €5[S7].

From the equality o> = « and the uniqueness of the writing on the standard form, we obtain

s? = s, that is, s = 7(s), from where sr; = r(s)r; = r(r;))r; = ;. Then, a = €, €., as we

expected. O

Theorem 3.3. Let X be a set and G a groupoid. There is a one-to-one correspondence between

(a) partial groupoid actions of G on X ; and

(b) inverse semigroupoid actions of S(G) on X.

Proof. (a) = (b): Let o : G — I(X) be a partial groupoid action. From Lemma [3.1]and Proposition
there is 3 : S(G) — I(X) semigroupoid homomorphism such that 3([g]) = «(g). Therefore, if

Jgh, then By = B([gl[h]) = B([g])B([R]) = BigBn)-

The idempotents in S(G) are precisely elements of the form a = ¢,, - - - ¢, € S(G), by Lemma

Since 3 is a homomorphism, it is enough to show (A1) for elements of the form ¢, € S(G).

Define £y, = Im(3),). Let g € G. In this way,
Ee, =1m(Be,) = Im(Bgg-11) = IM(Bg) © Big-11) = IM(ag 0 ag-1) = Dy.
On the other hand, £, = Im(8,)) = Im(ay) = Dy, from where Ej ) = Ejgg« = Ejgjg-1] = Ee, -
Finally, note that
Bey = Bigllg=1) = Blg1 © Plg—1) = @9 © @91 = Ip, = In,,,

what guarantees that g is an inverse semigroupoid action of S(G) on X.

(b) = (a): Let 5 be an action of S(G) on X. Define a(g) = 5([g]), for all g € G. Note that if
(s,t) € G?> and e € G then
a(s)oa(t)oat™) = B([s]) o BUNAE]) = BUsIEE]) = B[stl[t™"]) = B([st]) o Bt

= a(st)oa(t™).
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Besides that, r(e) = d(e) = e = €2, from where ¢ is idempotent and [e] = ¢, is as well. Hence,

a(e) = B(le]) = Ir,; = Ldom(s(le))) = Ldom(a(e))-

That concludes the proof by Lemma[3.1] O

4 Crossed Products

Let us remember some results of partial groupoid actions theory.

Definition 4.1. [2, Section 3] Let R be an algebra, G a groupoid and o = ({Dgy}sec, {ag}qec) @

partial action of G on R. We define the algebraic crossed product R x¢ G by

finite
Rixg G =192 agdy 0 = @ Dy

geG geG

where 6, are symbols that represent the position of the element a, in the sum. The addition is usual

and the product is given by

ag(ag-1(ag)bn)dgn, if (g,h) € G>.
(agdy)(bndn) = ot (0 )on)0y
0, otherwise

and linearly extended.

The next result gives a condition to the associativity of the algebraic crossed product.

Proposition 4.2. Let R be an algebra, G a groupoid and o = ({Dg}4cq, {ag}g4cc) a partial action of

G on R. If R is semiprime, then the algebraic crossed product R x% G is associative.
The proof can be found in [2, Proposition 3.1], adding that every groupoid can be seen as an
ordered groupoid regarding to equality as partial order.

We are interested in defining the algebraic crossed product of a action of an inverse semi-

groupoid on an algebra. Exel and Vieira made in [15] the first study in the case of groups.

Proposition 4.3. Let 8 be an action of an inverse semigroupoid S on an algebra R. If 3st then

H —1
(I) /8871 = /83
TAMUSIUNAS, Thaisa Raupp; LAUTENSCHLAEGER, Wesley Gongalves. Inverse semigroupoid actions and
|@ @ | representations. REMAT: Revista Eletronica da Matematica, Bento Gongalves, RS, v. 9, n. 1, p. €3006, May 31,
2023. https://doi.org/10.35819/remat2023v9i1id6174.


https://doi.org/10.35819/remat2023v9i1id6174

REMAT: Revista Eletrénica da Matematica 17

(i) Bs(Ey) = B(Ey N Eg1) = By

(i) Eq C E;

Proof. (i): Since ss~! € E(S), we have I, = Iy, = -1 = (s 0 B,-1, thatis, 3,1 = ;1.

(ii): Just observe that 5s(E;) = Bs(Ey N Eg-1) = B;}l (BN Eg-1) = dom(B;-1 0 B,-1) = dom(B)-1) =
Eg.

(iii): Follows from (ii). O

Definition 4.4. Let 3 = ({Es}ses, {8s}ses) be an action of an inverse semigroupoid S on an algebra

R. We define the crossed product by

finite
L=< > as0s p = P Esds.

seS seS

The addition is usual and the product is given by

s\s* S b 58 ’ fE' .
(asés)(bt(;t) = B (ﬁ (a ) t) t If dst

0, otherwise

and linearly extended.
Proposition 4.5. Let R be an algebra, S an inverse semigroupoid and 5 = ({Es}ses, {fs}ses) an
action of S on R. If R is semiprime, then the crossed product L defined in[4.4)is associative.

Proof. The proof follows similarly the arguments given in [2, Proposition 3.1]. O

Finally we can define the algebraic crossed product of the inverse semigroupoid S on the
semiprime algebra R. Recall from [19] that every inverse semigroupoid has a natural partial order

relation: given s, t in an inverse semigroupoid S, we have
r <t< 3Ji € E(S), such that it and r = it.

Definition 4.6. Let R be a semiprime algebra, S an inverse semigroupoid and 3 = ({Es}ses, {8s}ses)

an action of S on R. Define N = (ad, — ad; : a € E,,r < t). The algebraic crossed product of S on R
by B is

a —
Rx%S=L/N.
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Remark 4.7. The algebraic crossed product of an inverse semigroupoid S on a semiprime algebra R
by an action j3 is well defined. If r < t, then E, C E,, by Proposition[4.3 So we can write aé; even
though a € E,.

The natural partial order of an inverse semigroupoid plays an important role in the crossed
product. Since we want to work with S(G), we must understand its partial order.
Lemma 4.8. Let G be a groupoid. If o, 5 € S(G) are such that o« = €., - - - €, [s], B = €, - - - €, [t] @and

a<fB,thens=tand{li,....0n} C{ri,...,mn}.

Proof. Since o < 3, there is an idempotent v € S(G) such that 35y and o« = 3. From Lemma (3.2

we know that v = ¢, - - - ¢, on the standard form (where p,...,p; € X,,,). Then,

€y bry[s] = =By =0 o ep,[tlep, o ep = €0y €uy apy o Eap [T
The result follows from the uniqueness of decomposition on standard form. O
Notice that this ordering coincides with the ordering in the Birget-Rhodes expansion GPF that
was presented in Remark
Lemma 4.9. Let G be a groupoid. Givenr,...,rn,g,h € G, r; € Xy foralli =1,...,n,d(g) =r(h),
we have
() Eiglin) = Eig) N Efgn)

(i) E. C E|

ryerp 9] = g

Proof. ()1 Eigjn = Ege-1gin) = Elglle-1)19m = Bo)(Elg-11gn1) = Blg) © Big—1)(Eign) = Eig) N Ejgn)-
(i): Follows from (i). O

The last lemma before the principal result of this section will give us two important relations

on the crossed product.

Lemma 4.10. Let R be a semiprime algebra, G a groupoid and 8 = ({Es}ses(a) 18s}sesa)) an
action of S(G) on R. Forry,...,rn,g9,h € G, such that 3gh, r(r;) = r(g), foralli = 1,...,n, the
equalities below hold in R x S(G):
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(i) aé[g][h] = aé[gh}, for all a € E[g][h]

(i) ad o] = by, for all

€ryCry [

Proof. (i): Since Ejg;,) € Ejgp) from Lemma we can write adjy;. Just note that

l9][P] < [gh], since [g][h] = [g][h][h""][h] = [gh][h"][R] = [ghlen—

and ;-1 is idempotent. Then, adjgn) — adjgn € N.

(ii): Since E., . | € Ejg we can write ad,. Now note that e, - - - €, [g] = [g]e -

“erp g g~ 1r g

and e;-1,, -+ €,-1,,, € E(S(G)), from where e, - - -, [g] < [g]. Hence ad,,. .., g — adly € N. O

Theorem 4.11. Let G be a groupoid, R a semiprime algebra and « a partial action of G on R. Let also

B be the partial action of S(G) on A associated with « as in the Theorem So Rxg G = Rx§S(G).

Proof. Define

p: Rxg G— RxjS9(G) and Y:L— Rx5G

a5g — a5[g] a&, — a(Sa(,y).

It is easy to see that ¢ and ) are algebra homomorphisms and that N C kert. Therefore
there is a unique homomorphism 4 : R x% S(G) — R x{ G such that 1(ad,) = ady(,). Notice that ¢

and ¢ are inverses, consequently isomorphisms. O

5 Partial Groupoid Representations and Inverse Semigroupoid Representations

In this section we define inverse semigroupoid representations on Hilbert spaces and partial

groupoid representations on Hilbert spaces.
Definition 5.1. Let S be an inverse semigroupoid and H a Hilbert space. A representation of S on
Hisamapr:S — B(H) such that

(R1) if 3ap, then n(ap) = n(a)w(B);

(R2) n(a*) = m(a)*; and

(R3) m(aa™)m(a) = w(a).
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Definition 5.2. Let G be a groupoid and H a Hilbert space. A partial representation of G on H is a
map © : G — B(H) such that

(PR1) w(s)m(t)n(t~t) = n(st)m(t™1), for all (s,t) € G?;

(PR2) w(s~1) = n(s)*; and

(PR3) m(r(s))n(s) = n(s).

In this case, it also holds

(s~ r(s)m(t) = w(s~Hm(st).
Proposition 5.3. Let G be an groupoid and H a Hilbert space. There is a one-to-one correspondence
between
(a) partial groupoid representations of G on H; and

(b) inverse semigroupoid representations of S(G) on H.

Proof. A partial groupoid representation of G on H holds the conditions of Proposition Hence
there exists a semigroupoid homomorphism 7 : S(G) — B(H) such that 7([t]) = =(¢) for all t € G.
This already gives us (R1) and (R3).

To show (R2), let « = €,,¢,, -+ €, [s] € S(G) be such that r1,...,r, € X, as in Proposition

[2.71 We know that we can write

af = [sen, ey
Therefore,
(") =7 ([s er, - er) =T[5 rallry '] - )l = 7™ DA 7 ([ ') - -7 ([ D7)
= (s Dm(rp)m(ry, ') - w(r)m(ry ) = w(s)* m(rn)mw(rn)* - w(r1)m(r)
= (w(r)m(r)* - w(rp)m(rn) w(5))" = (w(r)w(ry ) - w(ra)w(ry ) (s))*
= (@([r))m((r ) - w7 ([ DA () = T[]l - [ral[rn ') = T(ery - e, [s])*
=T7(a)",

which is what we wanted to demonstrate.
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On the other hand, given a semigroupoid representation p of S(G) on H, consider the map
m:G — B(H)

ts (1) = p([t).

We will show that  is a partial groupoid representation of G on H. Take (s,t) € G>.

(PR1):

n(s)m()m(t™") = p([sDe([Dp(t™']) = p((s]lt]lt"]) = p(lst]lt™"]) = p(lsthp(it™]) = m(st)m (7).

Therefore = is a partial groupoid representation of G on H. O

6 Exel’s Partial Groupoid C*-Algebra

The main goal of this section is to generalize the definition of partial group C*-algebra to

obtain the purely algebraic definition of partial groupoid C*-algebra.

It is proved in [15] that if the algebra R on Definition |4.1|is a C*-algebra, then the algebraic

crossed product R x% G admits an enveloping C*-algebra with the relations

(agby)* = ag-1(ay)dg—
and
> agdgll = > llagl-
geG geG

This also holds on the cases of groupoids and inverse semigroupoids and can be easily

proven in an analogous way.

Remark 6.1. One can show that if R is a C*-algebra and « is a partial groupoid action of a groupoid
G on R, we have R x, G = R xg S(G), where R x, G denotes the crossed product of R by G, that
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is, the enveloping C*-algebra of R x¢ G and 3 is the inverse semigroupoid action associated to o as
in Theorem. Similarly R x5 S(G) = C}(R x§ S(G)).

Definition 6.2. Define an auxiliar C*-algebra R by generators and relations. The generators are the
symbols Pr, where E C G is a finite subset of the groupoid G. The relations are
(i) P; = Pg;and

Prur, IfEJUF C Xy, forsomegc G.
(i) PpPr =
0, otherwise.

Proposition 6.3. R is an abelian C*-algebra with Py as unity. Besides that, every element of R is a

projection.

Proof. It follows from the following properties of set theory: FUF = FUE, EU)=FE =0UE and
FUE=F. O]

The above proposition tells us that if £ C G is such that E ¢ X, for all g € G, then Pg = 0.

Given t € G, consider the map «; : R — R defined by

P, if Itx, forallz € E.
Oét(PE) =
0, otherwise,
that is,
P, ifECX,1.
Oét(PE) =

0, otherwise,

If we define D; = span{Pg : t,r(t) € E C X}, we have that D; < D, < R, forall t € G,
and the restriction of every a; to D,-1 gives us a partial action of G on R. Therefore we can define

the algebraic crossed product R x% G. That gives us the following definition:
Definition 6.4. The Exel’s partial groupoid C*-algebra C; (G) is the enveloping C*-algebra of R x{, G,

thatis, C;(G) = R x4 G.

The next proposition follows from Proposition and from the fact that an algebra A is

semiprime if, and only if, its ideals are idempotent.
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Proposition 6.5. C;;(G) is an associative C*-algebra.

Definition 6.6. A C*-algebra representation of a C*-algebra A on a Hilbert space H is a *-homomor-

phism of C-algebras ¢ : A — B(H).

Definition 6.7. Let G be a groupoid, R a C*-algebra and « a patrtial action of G on R. We call the
triple (R, G, «) a partial groupoid C*-dynamic system.

A covariant representation of (R, G, «) is a triple (w,u, H), where 7 : R — B(H) is a repre-
sentation of R on a Hilbert space H and u : G — B(H) is a map given by u(g) = uy, where uy is a

partial isometry such that

(CR1) uym(z)ug— = m(ay(z)), forallxz € D,

7(x)ugh, if(g,h) € G*andx € D, N Dy,
(CR2) m(x)uguy = I 7

0, if Agh.

(CR3) uy =u

g—l.

The definition of covariant representation gives us the following relations, listed in the lemma

below.

Lemma 6.8. Let (m,u, H) be a covariant representation of (R, G, «). If x € Dy, then:

(i) m(z)ugug—1 = ()

(i) m(z) = uguy—17(x)

Proof. Since D, = Dy N D,y = Dy N Dyy-1, we obtain from (CR2) that 7(z)uguy—1 = 7(2)u,(g)-

Moreover, from (CR1) we have 7(z) = ugug—17(z)ugug—1 = ugug-17(x)u(g).-

Note that if v € Dy = Dy N Dy = Dy N Dyqqy), then by (CR2) m(z)ugugg) = 7(x)uy. From that
and (CR1) we get m(ay-1(7)) = ug1m(2)ugugg) = ug1m(x)uy = m(ay-1(x)). But this is the same as
saying m(z)ugqy) = 7(x), for all z € Dy, since a,-1 is an isomorphism. Therefore, switching g for
g~ ', we get from that and from the fact that d(g~') = r(g), that w()u,(4) = =(z), from where follows

the result. ]

Definition 6.9. Let (7, u, H) be a covariant representation of (R, G, o). Define m xu : RxoG — B(H)

by (m x w)(agdy) = m(ag)uy and linearly extended.
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Lemma 6.10. = x u is a *-homomorphism.

Proof. Let ag6,, bydy € R xo G. We will show that (r x w)((agds)(badn)) = (7 x u)(agd,)(m x u)(bydn)

and that (7 x u)((agdg)*) = (7 x u)(agdy)*. That will be enough, because it will only take us to extend

the results linearly to obtain the lemma.

First note that (7 x u)((a4d4)(brép)) = m(ag)ugm(by)uy. But since a, € Dy, we can use Lemma

[6.8(ii) to guarantee that 7 (a,) = ugu,—17(ay). Therefore,
(m x u)((agdy)(bndn)) = ugug-1m(ag)ugm(bp)un.
Note now that from (CR1)
(m > u)((agdy) (bndn)) = ugm(ag-1(ag))m(bn)un = ugm(eg-1(ag)bn)up.

Since by, € Dy, then a,-1(ay) € Dy-1. Since Dy and D, are ideals, we have that a1 (ag)by,

€ Dg—l N D;,. Thus
(m x u)((agdy)(bnop)) = ugﬂ(agfl(ag)bh)ugquguh = W(Gg(&gfl(ag)bh))ug’lih.
On the other hand,

m(ag(ag-1(ag)bn))ugn, i (g,h) € G*.
m(ag(ag(ag)bn)uguy =
0, otherwise.

The equality above holds because since «,-1(a,y)by, € D,—1 N Dy, we have that if dgh, then

ag(ag-1(ag)bn) € ag(Dy—1 N Dy) = Dy N Dy So we can apply (CR2).

Now note that if Agh, then (a,d,)(brds) = 0, from where
(7 x u)((agdg) (brdn)) = (m x u)(0) = (m x u)(08,) = 7(0)ug = 0.
That is, if Aigh, then = x u is multiplicative. In addition, if 9gh, then

(m x u)((agdy)(bndn)) = m(cg(ag-1(ag)bn))ugn = (m x u)(ag(ag-1(ag)bn)dgn) = (1 x u)((agdy)(bndn))-
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Hence, 7 x u is also multiplicative when dgh, from where we can conclude that = is a homo-

morphism since it is linear by definition. Moreover,

(m x u)(aghy)” = (m(ag)ug)” = (ug)*m(ag)” = ug-17(ay) = ug-1m(ay)ugug—

(@) g = (7 x w) (g (@)0,1) = (7 % w)((agdy)"),
that is, 7 x u is a *-homomorphism. O

We can now state the main result of this work.
Theorem 6.11. Let G be a groupoid and H a Hilbert space. There is a one-to-one correspondence
between
(a) partial groupoid representations of G on H;
(b) inverse semigroupoid representations of S(G) on H;

(c) C~-algebra representations of C;(G) on H.

Proof. We already know from Proposition[5.3|that (a) < (b). We will prove (b) = (c) = (a).

(b) = (c): Let E = {rq,...,m,} € G be a finite subset of G and = : S(G) — B(H) be a

representation of S(G) on H. Define

(€, € ), if £ C X,, forsome g € G.
Qe =
0, otherwise.
Note that @ is well defined, because if £ C X, we have that r(r;) =r(g), foralli =1,...,n.

Therefore d(r; ') = r(r;) = r(rit1), $0 3Ir; ‘v, foralli = 1,...,n — 1, from where 3e,e,,, ,, for all

It is obvious that Q% = Qg = Q%. In addition,

QEuF, ifEUF C Xy, forsomegc G.
QEQF =

0, otherwise.

Defining p : R — B(H) by p(Pg) = Qr, We get a C*-algebra representation of R on H. Define

alsou : G — B(H) by u(g) = ug = m([g]). It is obvious that (p, u, H) is a covariant representation of
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(R, G, «). Hence we can consider the *-homomorphism p x u, that is a C*-algebra representation of
C,(G)on H.

(c) = (a): Let ¢ : C;(G) — B(H) be a C*-algebra representation. Consider the elements of
the form a; = Py 0t € C;;(G). It is easy to see that if (s,t) € G?, then asa;a,-1 = aga,—1. Itis
also clear that af = a;,~1. Moreover, a. = 1p_de, for all e € Gy. So if we define 7 : G — B(H) by

7(t) = ¢(as) we get a partial groupoid representation of G on H. O
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