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where o > 0 is constant, decrease, under fairly broad conditions in
advection flow f. In addition, we derive the mass conservation property
for positive (or negative) solutions.
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Resumo
Neste artigo, mostramos que a norma L' de solugbes fracas limitadas do
problema de Cauchy para equagdes parabodlicas degeneradas gerais, da

Palavras-chave
forma

Conservacao de Massa
Decrescimento da Norma L!
Equacgoes de Meios Porosos

w + div f(z,t,u) = div(Ju|*Vu), =zeR" t>0,

onde a > 0 é constante, decresce, sob condigbes bastante amplas
para o fluxo de advecgdo f. Além disso, derivamos a propriedade de
conservagao de massa para solugdes positivas (ou negativas).

1 Introduction

The Porous Medium Equations have been studied for a long time and appear as models for
several areas, such as plasma physics to filtration in porous media, thin films, Riemannian geometry,

among others. In this paper, our main goal is to obtain the decreasing of the L' norm for bounded
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(signed) weak solutions of the Cauchy problem

up 4 div f(z,t,u) = div (|u|*Vu) z€R™, >0,

u(+,0) = ug € LYR™) N L=®(R™), (1)

given constants « > 0 and f € C! satisfying

(f1) Letbe M > 0,and T' < T.. Then, for all (z,t,v) € R"x[0,T] x [-M, M|, exists K = K(M,T) > 0
such that | f(z,t,v)| < K|v|.

Besides that, we will derive the mass conservation property for positive (or negative) solutions.

In the case of f not depending on = and ¢, we have, in particular, the problem

up + div f(u) = div (|u|*Vu) z€R™ >0,

u(-,0) = up € LYR™) N L®(R"), (2)

whose solutions exhibit a lot of known properties of parabolic problems in a conservative way as, for
example, regularity, decay in ! norm, mass conservation and comparison properties. However, in
the general case (i.e., f = f(z,t,u)) some of these properties are no longer valid in general, such as
decay in L9 norm for ¢ > 1, contrativity in L, global existence, decay to zero in various norms when
t — oo, in case of global existence, etc, even in the case of regularized equation. In fact, problem (1)
could be much more complicated when f depends on z and, —f/(z) > 1, as illustrated in [6] for the

one-dimensional case.

The results presented in this work are original and extend previous that are already in the
literature, see, as exemple [7], where the autor proof the analogous results only for non-negative
solutions and for the one-dimensional case. Besides that, in contrast to the current literature (see
e.g. [8, 9, 10]), this kind of interaction (with mass conservation or similar links) only began to be

mathematically investigated very recently (in [1, 2, 7]).

This paper is organized as follows: Section 2 is devoted to showing that L' norm of the
smooth bounded solutions decreases on time, already in the Section 3, we will show that these
solutions have mass conservation property. In both Sections, we will consider ug > 0 (or ug < 0) for

all z € R™. Finally, Section 4 is devoted to extend these results to signed solutions.

We remark that, in this paper, we understand as smooth and weak solution to the problem (1)

a function that satisfies the following definitions, respectively:
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Definition 1.1. A smooth function v € L{°.([0,T%), L(R™)) is a bounded classical solution in a

maximal interval of existence [0, T), where 0 < T, < oo, if it satisfies classically the first equation of

(1) and, besides that, u(-,t) — ug in Li. (R™), whent — 0.

loc

Definition 1.2. A weak solution to the problem (1) is a function u that satisfies

ju(ar, 7|

o (z,7)A¥(x,7)dxdr =0,

T
/0 /nu(m,T)\Ilt(a:,T) + {(f(x,7,u), VU(x, 7)) +

forany U € C°(R" x (0,T)) and u(-,t) — ug in L., whent — 0.

When ug > 0 (or ug < 0) for all x € R, the solutions of the problem (1) are strictly positive
(or strictly negative), see [7]. In these cases the solutions are smooth, which is the reason why we
consider smooth solutions in Sections 2 and 3, and weak solutions in Section 4 where the initial data

and solutions can change sign. For a more complete discussion of regularity see e.g. [3, 4,5, 11, 13].

2 Decreasing L' norm

In this section, we show that the L'(R™) norm of a smooth solution of (1) decreases while

it exists, that is, ||u(-,t) V0 <t < T, where [0,7] is the maximal interval of

||L1(R”) S ”uOHLl(Rn)’

existence.
(f1) Letbe M > 0,and T' < T,. Then, for all (z,t,v) € R" x [0, T x [-M, M], exists K = K(M,T) >0
such that | f(z,t,v)| < K|v|.

Theorem 2.1. Letu(z,t) € L7 (]0,Ty], L°(R™)) be a smooth solution of (1) t. If f satisfies (f1), then

loc

Hu('7t)||L1<Rn) S ||u0HL1(Rn>7 v 0 <t < T*

Proof. Let S € C*(R) be an odd increasing function, such that S(u) = —1 ifu < -1, S(u) = 1ifu>1
and —1 < S < 1. Letbe ¢ > 0, we define a function L, € C?(R) by
u
Ly(u) := / S(v/6) dv, ueckR. (3)
0

Let be R > 0 and € > 0. We define a function ¢, _ : R" — R by

exp(—eV/1+|z[?) —exp(—eV 1+ R?), if|z| <R,
CR,E(m) - (4)
0, if |z| > R.

Let u(z, t) be a smooth solution of the problem (1) and let be ¢, € (0, T] such that T" € (o, T%). Multi-
plying the first equation of (1) by ¢r(x)Lj(u) (for simplicity, we will denote (. by (r) and integrating
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on R™ x [ty, t], we get

t
// w)ugCr(x d:ch—l—// Ls(u) div(f(x, 7,u))Cgr(z) dedr
to |a:|<R to |z\§R

/ / u) div(|u|*Vu)(g(x) dzdr,
to \a;|<R

because supp(r C Br := {x € R": |z| < R}.

As Cr(z) = 0 for |z| = R, using Fubini’s Theorem and the Divergence Theorem, we have
[ Lstwn)de = [ Lulato))ata) do
|@|<R 2| <R
t
o[ Lhwee) (Ve s ) dodr
to \x|§R
t
+/ / Ls(u)(VC¢r(z), f(z,7,u)) dvdr
to J|z|<R
t
= [ [ Lh@)Vu ) [l Cala) dads
to ‘:13|§R

_// Lh(u)lul*(Ver(x) , Va) dedr
to J|z|<R

t
As —/ / L5 (w){Vu, Vu) |u|*Cg(z) dedr < 0, we obtain
to |I‘<R

/ Ls(u)Cr(x) dz < / Ly(u(z, to))Ca(z) dz
|z|<R |z|<R

+/t0 /xKRLg(U)CR(m)(Vu,f(x,T,u)) dxdr

+/to /x|§RL/5(U)<VCR(x),f(a:,7’,u)> dxdr

t
/ / Ls(u)|u|*(Vr(z), Vu) dzdr.
to \x|§R
Let be

:/t /|<RL3/(U)CR($)<VU,f(x,7,u)> dzdr,

:/t /|<RLg(u)<VCR(x),f(x,T,u)> dxdr and

—_// L)l (Ver(x) , V) dadr.
to /|z|<R

Now, we will obtain estimates for each integrals I;(¢), for i = 1,2, 3, defined above. We will start with

I(t).
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As u(z,t) € L2([0,Ty],L*(R™)), and u is smooth IM = M(T) > 0 such that
lu(z,t)] < M,Vx € R" and Vt € [0,7]. By hypotheses (f1) and applying Cauchy-Schwarz’s in-

equality, we have

/t /||<RL w)Cr(x)(Vu, f(z,7,u)) dedr < K(M,T) / LY (w)u|Cr(2)|Vu| dedr.

lz|<R

Observe that |Lj(v)v| < C, and %ir% LE(v)v = 0 uniformly in v € R. Since u is smooth,
*>

|\Vu(z,7)] < C1, Vo € B and V7 € [to,t].
So, by Lebesgue’s Dominated Convergence Theorem, we have

t
Li(t) = / / L (w)Cr(2)(Vu, f(z,7,u)) dedr — 0, when § — 0. (5)
to J|z|<R

For the second term, we get

[ I2(t)] =

/ / Ls(u){ VCr(2), f(z,7,u)) dodr| < K(M,T)/ / |Ls(u)uV¢g(z)| dodr.
to /|z|<R |z|<R

Since |L(u)| < 1 and |V{g| < ce*V*1**  we have

|I(t)| < eK(M,T) /t /| n lu(z, 7)|e "=V dadr. (6)

Now, we will obtain an estimate for the third term. Since gmé Ls(u) = sgn(u), letting § — 0, we get, by
_>

Lebesgue’s Dominated Convergence Theorem,

Ly(t) = —/t /||<RLg(u)|u|a<ng(x),vu> dadr —» —/t /|<ngn(u)|u|°‘<VCR(x),Vu> dudr

Since V([u/?1) = (8 + 1)|ul’ sgn(u)Vu, ¥ > 0, we have

/to /|m|<RSgn w)|u|*(V¢r(x), Vu) dedr = a+1/ /x|<R (Ver(2), V([u[*tY) dadr.

Applying the Divergence Theorem, we obtain
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) do(x)dr

| &

1
_ a+1 a+1
B0 = o [ [ Agulole s = [ [ s 96,

Since |ACg ()| < 2nee=V1+1* and [V(R(z)] < ce sV we have

a+1
() < 22 // u(z, 7)[e =V dadr +M
to |I

a1l I<R

a+1
(7) (t— to)sRn_lnwne_6 v 1+R2, (7)

where w,, is the volume of the unit ball in R™. Note that

Ma+1 (T)

1 (t — to)eR" 'nwne VI 5 0, when R — cc.
«

Since/ o Ls(u)Cr(z) dx —/|<RL5(u(:c,t0))CR(x) dx + I1(t) + I2(t) + I3(t), applying the triangle

inequality, we get

lz|<R

ﬂgwmmms/uwmwmmm+MMHMMHmm

Letting § — 0 and using (5), (6) and (7), and letting t; — 0, in this order, we obtain

u(z, t)[Cr(z) dz < | |uo(z)|Ca(x)du+e [ S(T) [ u(z,7)|e VT dudr

lz|<R lz|[<R 0 lz|<R

—I-E,‘(t o tO)Rnflnwn675\/1+R2 (M>
a+1 ’

2nM*(T)

h T)=K(M,T
where S(T') (M,T)+ P

Letting R — oo, we obtain

[ w019z )dw</\u0( W, (2) dz + eS(T / u(a, )| We() dadr,

where U, (z) = e~eV1Hl%,

By Gronwall's Theorem, we have

/n |u(z,t)| Ve (x) de < exp (ES(T)T)/ lup(x)| Ve () da

Letting ¢ — 0, we get/ lu(z, t)| de < / luo(x)|dx . Then,
Ju(, )l L @ny < lluollprgny,  VE€[0,T].

O
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3 Mass conservation

In this section, we will proof mass conservation property for bounded smooth solutions of (1),
that is, if u(x,t) is a bounded smooth solution of (1), then / u(z,t)de = / up(x) dz .
n R’VL

Theorem 3.1. Let be u a bounded smooth solution of (1). If  satisfies (f1) then

/nu(x,t) dr = /nuo(x) dz.

Proof. Let be v € C*°(R) such that ¥(y) = 0,Vy < 0and ¢¥(y) = 1,Vy > 1 with 0 < ¢ < 1,

max |4/ (z)] = My < oo and max | (z)| = My < oo . Letbe R > 0, we define
ER™ zeR™

1, if 2| <R

1#(’2—1) if R<|z| <2R.

Let be u a bounded smooth solution of (1) with |u| < M and ¢y, € (0, 7] such that T" € (to, T%).

Multiplying the first equation of (1) by (z(x) € C*°(R") and integrating in R™ x [t, ], we have

/ / uCp( dmdr—i—/ / div(f(z, 7, u)) g d:z:dr—/ / div(|u|*Vu) g(z) dzdr,
to |:L‘|<2R to \x\<2R to \:1:|<2R

Since (p(z) = 0 for |x| > 2R, using Fubini’s Theorem and the Divergence Theorem, we get

/ u(x,t)p(x) dz —/ u(w, o) p(x dw—i—/t (VCg(z), f(x,7,u)) dedr

z|<2R z|<2R o J|z|<2R
- / u(e, )| (Vu, Veg(z)) dudr. ®)
2| <2R
Let be
/ (VCg(z), f(x,7,u)) devdr and
to J|z|<2R

/to /x u(x,t)[*(Vu, V(g(x)) dzdr.

|<2R

Now, we will show that |I;| — 0 and |I5] — 0, when R — oo. We will start with I;. Using the
Cauchy-Schwarz Inequality and (f1), we obtain
K(M,T)M /f

to JR”

|1 (t)| < |u(z, 7)| dxdr,
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as |V(gp(z)| < % and |f(z,7,u)] < K(M,T)lu(zx,t)|. By Theorem 2.1, we have

/ lu(-,t)| de < / lug(x)| dx. Then, letting R — oo, we have I;(t) — 0.
n Rn

(z,t)
Now, we will estimate I»(t), to this end, we define J(z,t) = / lv|*dv, and so
0
VJ(z,t) = |u(z,t)|*Vu. Then

I(t) = —/to /|z|<2R |u(z, t)|*(Vu,V{g(x)) dedr = —/ / (VJ(x,t),V(g(x)) dzxdr.

to J|z|<2R

Appling The Divergence Theorem, we obtain

/to/x|<2Rx A p(x da:dT—/tO/xl QRx (VR(x ) >do(a:)d7-

. . M, 1
Since |ACx(z)| < § and |J(xz,t)| < P

I < // x7’a+1d$d7+ // ua:TO“Hd T
e e ) Fay [ [ oty

o M «
< WHUUIIL%@@ —to) + m||“0\|p+]lgn)(t to).

fu(e,1)|**, we get

Then, letting R — oo we have |Ix(t)| — 0.

Therefore, letting R — oo, we get from (8) that

/n w(z,t)de = / u(z, to) dz,

since I (t) and I5(t) go to zero, when R — oo, and (x(z)— 1, when R— oc. O

4 Decreasing L' norm for signed solutions

In this section, we will obtain the decrease of the norm L! and the conservation of mass for
weak signed solutions of the problem
up + div f(z,t,u) = div(|u(z,t)|*Vu) =€ R", ¢t >0,

u(-,0) = ug € LY(R™) N L>®°(R"). (9)
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where ug is any function in L' (R).
Let us consider the auxiliary problems

up + div f(z,t,u) = div(|u(z,t)[*Vu) =€ R", ¢t >0,

u(-,0) = uf +ep € LHR™) N L= (R"). (10)
and

ur + div f(z, t,u) = div(|u(z, t)|*Vu) zeR", t>0,

u(-,0) = —uy — ep € LYR™) N L= (R™). (11)

where e > 0 and 0 < ¢ € L*(R"™) N L>®(R").

To prove the main result of this article, we need f to satisfy the hypotheses below
(f2) | f(x,t,u) = f(x,t,v)| < C(M,T)|u—v|, YVezeR", 0<t<T.

Theorem 4.1. Letbe T > 0. If u(z,t) is a weak and bounded solution in R™ x [0, T] of (9) and f

satisfies (f1 - £2), then
HU('ﬂf)HLl(Rn) < HUOHLl(R")v vt € (0,77,

and

/n us (@) dz < / w(w, 1) dz < / ut (2) da.

Proof. Let u,v,w be, respectively, solutions of (9), (10) and (11), by comparison (see [7]), we have
w(z,t) < u(z,t) < v(x,t), w(x,t) < 0and 0 < wv(z,t),Vz € R™ and Vt € [0,7]. So,
lu(z,t)| < |w(x,t) — v(x,t)|. Now, by Theorem 2.1, the estimates obtained for smooth solutions,

that do not change sign, of problems with initial data that do not change sign, it follows that

/n lu(z, t)| de < /n lv(z,t) — w(z,t)|de < /n lug (z) + ug (z) + 2e(x)| d, Vt € (0,T).

As [Jug +ug + 2€|| 1wy — luollL1gn), When e — 0T, we obtain
lu( Dl ey < lluollLr@ny, VE € (0, 7],

The second statement immediately follows from w(z,t) < (z,t) < v(x,t), it is just integrate in R™ and

letting epsilon go to zero.
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5 Conclusions

Note that we do not prove the mass conservation for signed solutions, we leave this question

open. We believe that signed solutions has mass conservation.

The L' norm decreasing in addition with others properties can provide us qualitative informa-
tion about signed solutions, for example, if we have the smoothing effect
lu(-,t)||pe < F(z,t,u)||u(-, )|, where F(x,t,u) < K in every set R" x [0,Ty] x [-M, M], then
every weak (signed) solution is bounded, in addition, the solution is bounded globaly in case global

existence.

Other contribuition of this paper is in the study of stacionary solutions, every stacionary solu-

tion, if it exists, has mass between — /uo dz and /ug dz.
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